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We review the experimental status of the scalar meson states (JP = 0+) and discuss some of the experimental
and theoretical challenges in uncovering their structure. We briefly review the importance of symmetries in
constructing QCD, and introduce the linear and non-linear σ models in the context of chiral symmetry. Chi-
ral perturbation theory is motivated, and we discuss how these methods have been recently used in exploring
properties of the scalar nonet.

PACS numbers:

I. INTRODUCTION

While much interest and resources have been directed towards the TeV energy scales within particle physics as we search for
answers regarding the Higgs, dark matter, and other fundamental questions, many open questions remain at low energy scales. In
particular because of its fundamentally non-perturbative character, understanding quantum chromodynamics (QCD) and strong
interactions at low energies presents experimental and theoretical challenges. We review the experimental status of the light
hadronic spectrum focusing specifically on the controversy surrounding the scalar states and investigate some of the tools being
used to explore the nature of these states, including linear and non-linear σ models. This is by no means a comprehensive review
of the literature; the scalar nonet is a long-standing open question in the hadronic physics community, and much work has been
and is being done to understand the physics at these lower energies.

II. LOW-ENERGY QCD

A. Experimental Background

Below 2 GeV, there exists a host of scalar hadronic resonances whose structure are unclear. While the higher energy vector and
tensor states tend to be better understood, the scalar mesons are plagued with difficulties arising from wide resonance widths &
overlaps, cusps at mass thresholds, and the expectation of contamination by non-q̄q scalar states [1]. While clearly defined flavour
nonets of pseudoscalar and vector states can be formed from known states (Figures 1 and 2), there exists an overpopulation of
light scalars below an energy threshold of 2 GeV to form a single nonet. It has been proposed that these states form two scalar
flavour nonets: one of qq̄ quarkonia, and one meson-meson or qqq̄q̄ nonet [2–4]. Given the complexities in experimental analysis
of low-lying scalar resonances such as the f0(500) or the f0(1370), support for this two nonet interpretation is not unanimous
[5, 6], with some suggesting that some of these higher energy resonances may be identified with excited quarkonium states [7].
However, there are compelling reasons from our understanding of QCD that motivates a two octet model. A scalar glueball is
predicted from QCD using several theoretical approaches; current methods put mass predictions in the range of 1.0 GeV and
1.7 GeV [8, 9], which makes some of the scalar states compelling candidates. While it is predicted that significant mixing occurs
between the glueball and conventional scalar meson states, details about the dynamics of the glueball are not yet understood.
However, it is predicted that mixing with scalar meson states will manifest in three particular combinations aligning with the
observations of the f0(1500), f0(1370), and f0(1710) states. Below 1 GeV we expect the behaviour of quark interactions to be
different that in the perturbative regime. In particular, it is predicted that the interaction between diquark pairs becomes more
significant [2], very similar to the meson-meson attraction at low energies. Additionally, the observed inverted hierarchy in the
mass spectrum observed below 1 GeV suggests a structure outside the conventional quark model; when examining the masses
and isospin for what is strongly suggested to be the lowest-lying scalar nonet ( f0(500), K∗0(700), a0(980), and f0(980)), states
with strange quark content (K∗0(700)) have lighter masses than states with no strange quark content (a0(980)). This is contrary to
what is anticipated in a qq̄ system, with some suggesting these states represent the formation of a qqq̄q̄ or meson-meson nonet
[2, 10].

The nature of these hadronic states above and below 1 GeV is far from settled, and more experimental investigation is necessary
to clarify the picture. While these resonances have long been observed experimentally, many of them are not well understood
given their overlapping or large widths, proximity to thresholds, and susceptibility to glueball mixing. What follows is a brief
review of the status of each isospin group of the JPC = 0++ resonances in the literature.
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1. a0(980) and a0(1450)

The a0 isovector states (I = 1), a0(980) and a0(1450), are both well-established experimentally [11], but conclusions as to
their structure have yet to be confirmed. The a0(980) state exists just below the K̄K threshold manifesting as a cusp between the
KK̄ and πη channels [12], making it difficult to accurately determine its resonance width (Table I). Because of its position so
close to the KK̄ threshold, many models suggest it is a four-quark state [2, 6, 13–15], and this interpretation is consistent with
two-photon, φ, and J/ψ decays [16, 17]. Alternatively, some have suggested that the a0(980) state is the lowest-lying qq̄ state
[6, 18], while the a0(1450) represents a first excited state [6]. If the a0(980) is indeed a four-quark state, this begs the question
as to whether the remaining a0(1450) state corresponds to the isovector scalar qq̄ state, given that its heavier mass compared to
a0(980) is inconsistent with the conventional quark model predictions [10] . In the large Nc expansion, the a0(1450) is consistent
with qq̄ quarkonium [14]. Calculations from lattice QCD indicate the a0(1450) is consistent with a conventional qq̄ state [19],
while the a0(980) is not [19, 20], however it appears that more recent lattice calculations contradict this [21, 22].

2. K∗0(700) and K∗0(1430)

Comprising the I = 1/2 states are the K∗0(700) and K∗0(1430). The PDG considers the K∗0(1430) to be the most well-established
of the light scalar mesons [1]. The observation of mass and resonance width is consistent with predictions from chiral pertur-
bation theory. From theoretical calculations in QCD sum rules [18, 23], the K∗0(1430) is predicted to be a conventional sq̄ or
qs̄ state (q denoting a u or d quark). Lattice QCD calculations are not clear, with contradicting predictions as to the nature of
both the K∗0(700) and K∗0(1430) [21, 24]. Methods employing a large Nc expansion indicate that K∗0(700) is consistent with a
four-quark state, while K∗0(1430) is a qq̄ resonance [14]. Historically known as the κ, the K∗0(700) resonance has a large width,
similar to the f0(500) meson discussed later on. This width, as well as its close proximity to the Kπ threshold make it difficult to
observe experimentally.

3. f0 states

The f0 states (I = 0) constitute a wide ranging class of observed resonances, some better established than others, with no
clear structural assignment. The f0(980) has been categorized as a both a member of the qq̄ scalar nonet [25, 26] as well as that
of a four-quark nonet [27–29], with [29] indicating a large glueball component in the state. An analysis of two-photon decay
widths indicate the f0(980) can be interpreted predominantly as a KK̄ molecular state [30], while conclusions from QCD sum
rules claims the opposite [31]. In recent observations of B-decays [32, 33], we also see conflicting conclusions as to the nature
of the f0(980) structure; while the LHCb collaboration excludes a tetraquark interpretation of the f0(980) to an 8σ level in a
model-dependant analysis [32], a different model-independent analysis of the same data suggests otherwise [33]. Clearly the
nature of this state is far from decided, and much more experimental and theoretical work is needed to discern its structure.

A consequence of the non-abelian nature of QCD is in the dynamics of the bicolored gluons and the possibility of the formation
of pure gluon bound states, also known as glueballs. While not explicitly part of the scalar nonet, it is predicted that a scalar
glueball (JPC = 0++) exists at energies between 1.0 GeV and 1.7 GeV [9], which makes identification of other scalar states at this
energy complicated as it is anticipated that these glueballs will mix with qq̄ states. No conclusive observation of this glueball state
has been recorded, but there are predictions that it could be identified in the scalar resonances shown here in Table I. Specifically,
the f0(1370), f0(1500), and f0(1710) states have all been suggested as possible glueball candidates [9, 29, 34]. Given the
possibility of mixing, some or all of these states could contain a glueball component. Calculations from lattice QCD and QCD
sum rules are inconclusive, with some favoring a scalar glueball around ≈ 1.7 GeV [35–37], and others around 1.3 GeV [38]. A
recent review of lattice, sum rule, and constituent models assess the approximate scalar glueball predictions from a compilation
of the literature as follows: 1.7 GeV (lattice), 1.25 GeV (QCD sum rules), 1.6 GeV (AdS/CFT), and 1.3 GeV (Bag model) [8].
An analysis of J/ψ decay data from BES indicates that the data is consistent with mixing between the f0(1370), f0(1500), and
f0(1710) states, with f0(1370) carrying dominantly qq̄ character, f0(1710) dominantly ss̄, and the f0(1500) dominantly glueball.
With other many interpretations and mechanisms proposed in the literature that further complicate the picture [39, 40], the future
status of the glueball in the context of the f0 resonances remains murky. Experiments such as GlueX [41] will hopefully shed
some light on whether some or all of these scalar states carry a glueball component.

4. The f0(500) meson

Perhaps the most historically controversial particle, the f0(500) meson (known first and most widely as the σ meson) was
first theoretically born in the proposed linear σ model, where a scalar singlet was introduced to preserve chiral symmetry in
Gell-Mann and Lévy’s original effective model for the strong interaction between nucleons and pions [42]. A relatively light
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scalar meson was proposed by Teller and Johnson [43] and embraced by Schwinger [44] as a possible unstable scalar state which
he named the σ, after which it was incorporated by Gell-Mann and Lévy into their models. Over the next 16 years, candidates
for the σ would come and go from the literature under different names including the ε or η0+ [10], finally disappearing from the
literature until 1996 [25] when careful reanalyses of the ππ S-wave scattering data showed an unstable, wide resonance which
was named the f0(400 − 1200), reflecting its large mass uncertainty[10]. Since it was established in the Review of Particle
Properties [45], it has most recently been renamed f0(500), with significantly reduced uncertainties in mass and widths (Table
I). It is an unusual resonance in the sense that it is as wide as it is heavy, it is not appropriately modelled by the conventional
Breit-Wigner resonance shape and, as Schwinger predicted, it is very unstable. These all contribute to making it a difficult
resonance to experimentally observe with precision.

PDG Reference Alias(es) I(JPC) Mass (GeV) Width (GeV)
K∗0(700) κ 1

2 (0+) 0.824 ± 0.030 0.478 ± 0.050
K∗0(1430) 1

2 (0+) 1.425 ± 0.050 0.270 ± 0.080
a0(980) δ(976) 1(0++) 0.980 ± 0.020 0.050 − 0.100

a0(1450) 1(0++) 1.474 ± 0.019 0.265 ± 0.013
f0(500) σ, ε(700), η0+ 0(0++) 0.400 − 0.550 0.400 − 0.700
f0(980) 0(0++) 0.990 ± 0.020 0.040 − 0.100
f0(1370) 0(0++) 1.200 − 1.500 0.200 − 0.500
f0(1500) 0(0++) 1.505 ± 0.006 0.109 ± 0.007
f0(1710) 0(0++) 1.722+0.006

−0.005 0.135 ± 0.007

TABLE I: Summary of experimental data on scalar mesons observed below 2 GeV [1].

B. Symmetries

Symmetries play a vital role in developing models and effective theories for explaining physical phenomena. We know
from the work of Emmy Noether that continuous symmetries correspond with conserved currents. More formally, this can be
expressed in the following way: given an infinitesimal transformation of a field φ

φi(x)→ φ′i(x) = φi(x) + δφi(x), (1)

for

δφi(x) = −iΘaT a
i jφ j(x), (2)

where Θ ∈ R and T a are matrices satisfying the Lie algebra of the group representing a symmetry, if the Lagrangian is invariant
under that symmetry there is a conserved Noether current given by

∂µ jµ(x) = 0 (3)

where

jaµ = −i
∂L

∂ (∂µφi)
T a

i jφ j(x) (4)

Experimentally, we have found that hadrons are made up of constituent quarks, and because of colour confinement free
quarks are not observed; historically, the prediction of quarks and investigation into hadronic structure was done through the
examination of symmetries, such as in the classification of the pseudoscalar and vector nonets in Gell-Mann’s “Eightfold Way”
[46] shown in Figures 1 and 2. Gell-Mann observed the pseudoscalar mesons to fit into an SU(3) symmetry, leading to the
prediction of the light quarks (u, d, and s) as constituent particles [47, 48].

As important to examine are the deviations from symmetries that we see in nature, also known as symmetry breaking. Sym-
metry breaking in quantum field theories manifests in three different ways:

• Explicit symmetry breaking

• Spontaneous symmetry breaking

• Anomalous (quantum mechanical) symmetry breaking

QCD contains examples of all three of these. We will find that the QCD Lagrangian carries an approximate SUL(N f )× SUR(N f )
chiral symmetry that is both explicitly broken by the mass terms in the Lagrangian, as well as spontaneously broken from
SUL(N f ) × SUR(N f ) → SUV (N f ) generating three pseudo-Nambu-Goldstone bosons. We will not focus our discussion on
the anomolously broken UA(1) abelian axial symmetry in QCD; though it appears as a classical symmetry, it is broken in the
quantum theory, generating terms in the Lagrangian that violate CP symmetry. This is also known as the strong CP problem.
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FIG. 1: Pseudoscalar Octet

Meson Quark Content Isospin, I Charge JP(C) Mass (MeV)
π0 1

√
2

(
uū − dd̄

)
1 0 0−+ 134.9770 ± 0.0005

π+ ud̄ 1 +1 0− 139.57061 ± 0.00024
π− dū 1 -1 0− 139.57061 ± 0.00024
K0 ds̄ 1

2 0 0− 497.611 ± 0.013
K̄0 sd̄ 1

2 0 0− 497.611 ± 0.013
K+ us̄ 1

2 +1 0− 493.677 ± 0.016
K− sū 1

2 -1 0− 493.677 ± 0.016
η 1

√
3
(uū + dd̄ − 2ss̄) 0 0 0−+ 547.862 ± 0.017

η′ 1
√

6
(uū + dd̄ + ss̄) 0 0 0−+ 957.78 ± 0.06

TABLE II: Properties of the pseudoscalar octet depicted in Figure 1 [1].

Meson Quark Content Isospin, I Charge JP(C) Mass (MeV)
ρ0(770) 1

√
2

(
uū − dd̄

)
1 0 1−− 775.26 ± 0.25

ρ+(770) ud̄ 1 +1 1− 775.11 ± 0.34
ρ−(770) dū 1 -1 1− 775.11 ± 0.34
K∗0(892) ds̄ 1

2 0 1− 895.55 ± 0.20
K̄∗0(892) sd̄ 1

2 0 1− 895.55 ± 0.20
K∗+(892) us̄ 1

2 +1 1− 891.76 ± 0.25
K∗−(892) sū 1

2 -1 1− 891.76 ± 0.25
ω(782) 1

√
2
(uū + dd̄) 0 0 1−− 782.65 ± 0.12

φ(1020) ss̄ 0 0 1−− 1019.461 ± 0.019

TABLE III: Properties of the vector octet depicted in Figure 2 [1].
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FIG. 2: Vector Octet

1. Explicit Symmetry Breaking and Chiral Symmetry

Consider the the QCD Lagrangian 1

LQCD = ψ̄(i /D − m)ψ −
1
4

(
Ga
µν

)2
. (5)

and introduce the left- and right-handed chiral fields

ψL = ΓLψ (6)
ψR = ΓRψ (7)
ψ = ψL + ψR (8)

where

ΓL =
1
2

(1 + γ5) (9)

ΓR =
1
2

(1 − γ5). (10)

We note that our chiral operators (9) have the properties

ΓL + ΓR = 1 (11)
ΓL,RΓL,R = ΓL,R (12)

ΓLΓR = ΓRΓL = 0. (13)

The Lagrangian (5) then takes the form

Lchiral
QCD = ψ̄Li /DψL + ψ̄Ri /DψR − (ψ̄LmψR + ψ̄RmψL) −

1
4

(
Ga
µν

)2
. (14)

1 Ga
µν (x) = ∂µBa

ν (x) − ∂νBa
µ (x) + g f abcBb

µ (x) Bc
ν (x), and /D = Dµγµ = (∂µ − igtaBµa (x))γµ
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FIG. 3: Proposed scalar octet from Ref. [2] with updated particle identification.

Notice that the mass terms in (14) couple the ψL and ψR fields, and without these terms the Lagrangian would be invariant under
the global symmetries

ψL,R → exp
(
−iαL,R

)
ψL,R (αL,R ∈ R). (15)

The mass term in the Lagrangian (14) spoils the chiral symmetry (15); this is explicit symmetry breaking in QCD. However,
in theory and experiment taking the chiral limit (m → 0) is a good approximation for the light quarks u, d; this establishes a
SUL(2) × SUR(2) chiral symmetry. If we include the strange quark s, this extends the symmetry to SUL(3) × SUR(3), although
given the significant mass difference between the u, d and s quarks, the symmetry remains a decent approximation relative to
the energy scale of QCD (≈ 1 GeV). It is from this SUL(3) × SUR(3) symmetry that the nonet representations in Figures 1 and
2 emerge. We can explore this chiral symmetry further using Noether’s theorem (3) and (4). From the chiral expression of the
QCD Lagrangian (14), we can find the corresponding Noether currents

jµL = ψ̄Lγ
µψL (16)

jµR = ψ̄Rγ
µψR, (17)

which combine to form the vector (Vµ) and axial vector (Aµ) currents

Vµ = jµL + jµR = ψ̄γµψ (18)

Aµ = jµL − jµR = ψ̄γ5γ
µψ. (19)

From these combinations, we can see that the chiral symmetry SUL(N f ) × SUR(N f ) is related to the vector and axial vector
symmetries corresponding to the same dimensions (in this case, SUV (2) × SUA(2))2. Returning for a moment to consider the
case where m , 0, we can confirm our understanding of the explicit symmetry breaking of the axial current by the nonzero quark
masses. From (18) and (19) and the Dirac equation, it follows that

∂µVµ = 0 (20)
∂µAµ = 2imψ̄γ5ψ. (21)

2 This is an abuse of notation; while SUV (2) is a subgroup of SUL(N f ) × SUR(N f ), the axial transformations do not form a subgroup [10]
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We observe that in the chiral limit, the axial vector current is conserved; the axial vector component of the chiral symmetry is
explicitly broken through the mass terms in the Lagrangian.

2. Spontaneous Symmetry Breaking and Nambu-Goldstone Bosons

Formally, spontaneous symmetry breaking in the Nambu-Goldstone realization is defined by the condition

〈0| [Qa,Oi] |0〉 = −(Ta)i j 〈0| O j |0〉 , 0, (22)

where (Ta)i j is the generator associated with the continuous symmetry, and Oi are a set of field operators. Eq. (22) illustrates
that a spontaneously broken symmetry manifests when a generator of a continuous symmetry fails to annihilate the vacuum
state. Conceptually speaking, we can say that spontaneous symmetry breaking occurs if the ground-state of the field Oi does not
carry the same symmetries as the vacuum; this corresponds to the ubiquitous double-well analogy (see discussions in Section
III for more details). If we consider a Lagrangian with a rotational symmetry, spontaneous symmetry breaking can be imagined
as depicted in Figure 4. We see that the Lagrangian (or more specifically in this case, the potential term of the Lagrangian)

FIG. 4: Spontaneous symmetry breaking double-well potential [49].

carries rotational symmetry, however a particle in its ground state would not carry the same rotational symmetry. This is the
manifestation of spontaneous symmetry breaking.

There is strong evidence to support the idea that spontaneous symmetry breaking occurs in QCD. The mesons in the pseu-
doscalar octet are unnaturally light when compared with the vector octet, with a mass difference that cannot be generally ex-
plained by the difference in quark content. This is a manifestation of Nambu-Goldstone bosons, an important signal of sponta-
neous symmetry breaking. With each broken generator in (22), a massless scalar boson is generated. However, given that the
chiral symmetry in QCD is only partially conserved due to explicit symmetry breaking coming from the light quark masses, the
pions still carry some mass, but are drastically lighter than expected. We can examine the patterns of known mesons in Tables II
and III, and see a large disparity in mass between the lowest lying pseudoscalars and the vector mesons. The π0 meson carries a
mass of ≈ 135 MeV while the vector of the same quark content, the ρ0 has a mass of ≈ 775 MeV, a difference of over 600 MeV.
We also do not see nearly the same disparity between heavy quark analogues; this points to something unique happening in the
light quark sector. The pseudoscalar mesons are the Nambu-Goldstone bosons of the chiral symmetry breaking in QCD, with
the pions being the best example of Nambu-Goldstone bosons, given that they are made up of the lightest quarks. Because the
pseudoscalar are not truly massless bosons, they are often described as pseudo-Nambu-Goldstone bosons.

Another sign that spontaneous symmetry breaking is occuring in QCD comes from the vector (J = 1) states. As both the
vector (18) and axial vector (19) currents are conserved in the chiral limit, we would expect vector and axial vector multiplets to
be observed at similar mass scales; in other words, we expect two meson multiplets with opposite parities (P = ±1) to emerge at
comparable energies. However, we find that the lightest JP = 1− vector state ρ(770) is 400 MeV lighter than the lightest JP = 1+

axial vector state observed, the h1(1170). This indicates that in QCD, it is the axial symmetry is also broken through spontaneous
symmetry breaking, and SUL(N f ) × SUR(N f ) spontaneously breaks down to the vector subgroup, SUV (N f ).

Finally, under spontaneous symmetry breaking we expect to find a non-vanishing vacuum expectation value emerging as
expressed in (22). But what is the operator O j associated with the spontaneous breaking of chiral symmetry? Because we
associate this expectation value with the vacuum, we require it satisfy the symmetry of the vacuum; it must be a Lorentz scalar,
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a colour singlet, and be non-invariant under the broken SUL(N f )× SUR(N f ) symmetry, yet invariant under SUV (N f ). The lowest
dimensional candidate that we can build from QCD is what is referred to as the chiral condensate,

〈0| q̄q |0〉 , 0, (23)

where q ∈ {u, d, s}. This has been predicted prior to QCD, known as the Gell-Mann-Oakes-Renner (GMOR) relation [50],
formulated in modern terms as

−
1
2

mq〈q̄q〉 = m2
π f 2
π , (24)

relating the chiral condensate to the mass of the pion and the pion coupling constant. Various computational methods including
QCD sum rules [51] and lattice QCD [52] indicate that the value for this condensate is indeed nonzero,

As we will see, spontaneous symmetry breaking in the linear σ model manifests explicitly in the Lagrangian. Though we can
see the signs of spontaneously broken chiral symmetry, the source or mechanism of this symmetry breaking within QCD is not
yet clear.

III. LINEAR σ MODEL

The linear sigma model was introduced prior to the proposal and discovery of quarks in an effort to develop a theory of
interactions between pions and nucleons. In their original work [42], Gell-Mann and Lévy explored possible models of pion-
nucleon interaction motivated from the rate of charged pion decay proposed by Goldberger and Treiman [53], and the possibility
of an unstable isoscalar field σ proposed by Schwinger [44]. Gell-Mann and Lévy also explored the first formulation of the
nonlinear σ model which we will discuss in Section IV.

To motivate the LσM, we wish to have a theory that describes a nucleon isodoublet

N =

(
p
n

)
, (25)

and a isotriplet pion field π. The model is motivated by SUL(N f ) × SUR(N f ) chiral symmetry, for now focusing on the N f = 2
case; in order to have a chirally-symmetric theory, we must introduce an isoscalar field σ [54]. The Lie algebra of the chiral
symmetry SUL(2) × SUR(2) is isomorphic to that of the four-dimensional rotation group SO(4); we know that, in analogy to the
three-dimensional rotation group SO(3), we must have four coordinates for a non-trivial representation. Given that we naturally
only have three π fields readily available, in order to construct a non-trivial representation of SO(4), we require a fourth field (σ).

From these conditions, we can write down the appropriate Lagrangian for the LσM. In order to highlight an interesting feature
of the model, we will consider the Lagrangian for a massless nucleon isodoublet, constructed from scalar and pseudoscalar
Yukawa interactions.

L = N̄i/∂N + gN̄(σ + iτ · πγ5)N +
1
2

[
(∂µπ)2 + (∂µσ)2

]
−

1
2
µ2

(
σ2 + π2

)
−

1
4
λ
(
σ2 + π2

)2
, (26)

where τ = (τ1, τ2, τ3) are Pauli matrices, the generators of SU(2). This Lagrangian (26) is chirally-symmetric under vector SU(2)

π→ π + αV × π (27)
σ→ σ, (28)

and axial vector SU(2)

π→ π + αAσ (29)
σ→ σ − αA · π. (30)

As previously addressed in our discussions about spontaneous symmetry breaking in Section II, we expect that chiral symme-
try is spontaneously broken while isospin symmetry is preserved. So, we expect that a theory describing the strong interaction
would exhibit this symmetry breaking. Let us consider the potential terms from the Langrangian (26),

V(σ, π) =
1
2
µ2

(
σ2 + π2

)
+

1
4
λ
(
σ2 + π2

)2
(31)

=
λ

4

(
σ2 + π2 +

µ2

λ

)2

, (32)
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V(σ, π) V(σ', π)

FIG. 5: Potential for σ (blue) and σ′ (yellow).

where we can write the potential in the form of (32) up to a constant term which does not affect the Lagrangian formalism.
Minimizing the potential gives us the prototypical example of spontaneous symmetry breaking,

dV
dσ

= λσ

[
µ2

λ
+ σ2 + π2

]
= 0 (33)

dV
dπ

= λπ

[
µ2

λ
+ σ2 + π2

]
= 0. (34)

Different solutions exist depending on the sign of the coupling µ2. For µ2/λ> 0, (33) and (34) give a minimum occurring at
the origin (σ = π = 0), while µ2/λ< 0 results in the spontaneous breakdown of chiral symmetry in our model, with degenerate
ground states given by the minimized value

σ2 + π2 =
∣∣∣µ2/λ

∣∣∣ ≡ v2. (35)

In this case, our vacuum must satisfy both (35) be associated with the singlet state. Our minimized value takes on the form of a
4-sphere with O(3) degeneracy; unlike the case of µ2 >0, (35) shows a non-unique choice of vacuum for values of σ and π, and a
non-vanishing vacuum expectation value (VEV). Since we require the vacuum to be a singlet, without loss of generality we can
choose the vacuum such that

〈π〉 = 0 (36)
〈σ〉 = v. (37)

This non-zero VEV is a clear sign of spontaneous symmetry breaking; we see this manifest as we define the physical field
σ′ = σ − v, aligning to our new vacuum and therefore breaking the rotational symmetry of the ground state (Figure 5). Though
the Lagrangian (26) exibits SUL(2) × SUR(2) chiral symmetry, the ground state breaks this symmetry. Our Lagrangian in terms
of our newly defined σ′ field is

L =N̄i/∂N + gN̄(σ′ + iτ · πγ5)N + gvN̄N (38)

+
1
2

[
(∂µπ)2 + (∂µσ′)2

]
−

1
2
µ2

(
σ′2 + π2

)
−

1
4
λ
(
σ′2 + π2

)2
(39)

+ (2v2λ)σ′2 + const. (40)

Here we can observe a compelling property of the LσM: the masses of the nucleon N (mN = gv) and the σ′ (mσ′ = (2v2λ)(1/2))
are dynamically generated through spontaneous chiral symmetry breaking, while the πGoldstone bosons remain massless (recall
(26) contained no explicit mass terms). This has similarities to the Anderson-Higgs mechanism which was later proposed [55–
57] in that the introduction of a scalar particle dynamically generates a mass term through spontaneous symmetry breaking.
In the case of the LσM, this resolves simply with the generation of (in the chiral limit) Nambu-Goldstone bosons, while in
the Anderson-Higgs mechanism the Nambu-Goldstone bosons provide mass to the W±, Z gauge bosons. Given the role of the
scalars in spontaneously breaking the chiral symmetry, this has motivated some to nominate the scalar mesons as the “Higgs
sector of the strong interaction” [58, 59] despite the absence of an Anderson-Higgs mechanism.
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To express the LσM in terms of its chiral symmetry we can define a matrix field Σ made up of our scalar and pseudoscalar
fields

Σ = (σ + iτ · π) (41)

where

σ2 + π2 =
1
2

Tr
[
Σ†Σ

]
. (42)

Using these results, as well as the properties of the chiral operators (9), we can express our LσM Lagrangian (26) in terms of Σ

L = N̄Li/∂NL + N̄Ri/∂NR + g
(
N̄LΣNR + N̄RΣ†NL

)
+

1
4

Tr
[
∂µΣ∂

µΣ†
]

+
1
4
µ2 Tr

[
Σ†Σ

]
−
λ

16
Tr

[
Σ†Σ

]2
(43)

In this form, we can readily see the SUL(N f ) × SUR(N f ) chiral symmetry emerging, where our Lagrangian remains invariant
under the transformation properties

NL,R → N′L,R = gL,RNL,R (44)

Σ→ Σ′ = ULΣU†R, (45)

where gL,R = exp
(
−iαL,R · τ/2

)
. Finally, the LσM is frequently considered purely in the low-energy context as a description of

pseudoscalar meson interaction; our equation (43) is expressed in contemporary contexts as

LLσM =
1
4

Tr
[
∂µΣ∂

µΣ†
]

+
1
4
µ2 Tr

[
Σ†Σ

]
−
λ

16
Tr

[
Σ†Σ

]2
. (46)

Efforts have been made since the discovery of quarks and the formalization of QCD to extend and modernize the LσM,
phrasing it instead in terms of constituent quarks [60–63]. However, it largely remains a toy model for exploring hadronic
phenomena, and many are reluctant to refer to it as an effective theory of the strong interaction [7, 64, 65]. Several drawbacks
of the LσM are that the LσM does not describe colour confinement, and the predictions of physical parameters in the theory
deviate from those found experimentally [65]. For example, the dynamically generated nucleon mass mN = gv reflects a form of
the Goldberger-Treiman relation

gAmN = gπNN fπ. (47)

As the pions are identified as pseudo-Nambu-Goldstone bosons, the vacuum expectation v is identified with the pion decay
constant fπ; further, our coupling g = gπNN , which is apparent from its role in the nucleon-pion Lagrangian (26). The LσM
predicts a value in (47) of gA = 1, which is decidedly different from the measured experimental value of gA ≈ 1.26 [1].
Regardless of its shortcomings as an effective theory, the LσM has provided an important foundation for our understanding of
nucleon-pion interactions, the nature of the σ meson, and to the mechanism of spontaneous symmetry breaking. It’s usefulness
in describing aspects of QCD give us compelling reasons to study it further as a model of the strong interaction. It has and it
continues to provide a useful description of hadronic interaction, with some extending the model to include more hadronic states
in attempts to explain the overpopulated scalar region [7, 66, 67] or including gauge fields to form a model of QCD [68].

A. Nambu Jona-Lasino Model

There are of course, other models of low-energy QCD that we will not delve into too much detail about, but nevertheless
play an important role in the investigation of the scalar mesons. Much like the LσM, the Nambu-Jona-Lasino model (NJLM)
was proposed shortly after Gell-Mann and Lévy’s LσM was published [69, 70]. Like the LσM, the NJLM originally was a
description of nucleon interactions, which has since been reinterpreted in the light of quarks and the formalism of QCD; it is
an effective theory where gluonic degrees of freedom have been “integrated out” (see Section IV). Because of this, not only
do the bare quark masses (m̄ = 1

2 (mu + md) = 3.5 MeV [1]) appear in the NJLM, but constituent quark masses “dressed” with
information about the gluon dynamics also appear. These masses are considerably larger, and usually carry values similar to [71]

mcon
u = 331 MeV (48)

mcon
d = 335 MeV. (49)

The Lagrangian for the NJLM is

LNJLM = ψ̄(i/∂ − M)ψ +
λ

4

[
(ψ̄τaψ)2 − (ψ̄γ5τ

aψ)2
]

+ K
(
det

[
ψ̄(1 + γ5)psi

]
+ det

[
ψ̄(1 − γ5)ψ

])
. (50)
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The NJLM closely parallels the non-relativistic model of superconductivity by Bardeen, Cooper, and Schrieff; the four fermion
interaction in (50) describes an attractive force between fermion pairs, resulting in the creation of correlated Cooper pairs in
BCS theory, while in the NJLM description this manifests as the chiral condensate 〈q̄q〉 [72]. In the light of the NJLM, the chiral
condensate is often interpreted as a condensation of quark-antiquark pairs in the vacuum, analogous to the Cooper-pair ground
state in the BCS model of superconductivity [72]. The last term in (50) is called the ’t Hooft interaction, and was introduced to
account for the broken UA(1) symmetry in QCD [73].

A common approach to connect the quark-level NJLM to mesons is called bosonization [74], a formulation of the path-
integral that approximates the quark-level terms with appropriate meson-level fields (i.e. ψ̄τaψ goes to a scalar field, ψ̄γ5τ

aψ to
pseudoscalar). In this way, the NJLM is well-suited to investigate the nature of the scalar nonet, much like the LσM [62, 72, 75].
In fact, the mass of the σ meson is an important prediction of the NJLM [71], relating (in the chiral limit) mσ to the constituent
quark mass M by

mσ = 2M ≈ 652 MeV. (51)

IV. NON-LINEAR σ MODEL

In Gell-Mann and Lévy’s original work [42], the LσM was proposed as a model of pion-nucleon interactions. However, the
preservation of SUL(N f ) × SUR(N f ) symmetry required the addition of the isoscalar σ, which at the time had been predicted
[44], but not experimentally observed. Perhaps concerned about this, Gell-Mann and Lévy carried their model further and, by
making use of the spontaneous chiral symmetry breaking in the LσM and the non-zero VEV described by (35), and eliminate
the σ field by the constraint

σ =
√

v2 − π2. (52)

From here, our transformations (27) and (29) become

π→ π + αV × π (53)

π→ π + αA

√
v2 − π2. (54)

The Lagrangian can be expressed using our previously defined matrix field (42), our constraint (52), and enforcing unitarity such
that

U =
1
v

(√
v2 − π2 + iτ · π

)
. (55)

This modification to the LσM is known as the non-linear σ model (NLσM), as the σ field has been exchanged for a nonlinear
transformation in (54). Substituting (55) into (46), we get

LNLσM =
v2

4
Tr

[
(∂µU)(∂µU)†

]
, (56)

where the other terms in (46) have just become constant terms and therefore not included. Coincidently, this is also the simplest
term that we can write down from a unitary matrix U that respects the necessary SU(N f ) symmetry. However, (55) is not a
unique parameterization, and others may be found in the literature provided the symmetries are fulfilled. It is common when
discussing the nonet of pseudoscalars within both the LσM and NLσM models to define

U = exp
 i
√

2
fπ

Φ

 (57)

where Φ =


1
√

2
π0 + 1

√
6
η π+ K+

π− − 1
√

2
π0 + 1

√
6
η K0

K− K̄0 − 2
√

6
η

 (58)

Since the σ meson was first suggested by Schwinger [44], the particle has had a controversial history, and as its status as a real
particle has shifted, so have the models and tools used to investigate. The LσM has explicitly built into it a prediction about the
σ, while the NLσM explicitly integrates it out. The NLσM has been utilized in a wide variety of topics ranging from its original
intended use of investigating hadronic physics and the strong interaction [42], to condensed matter [76, 77], and supersymmetric
theories [78, 79]. We will next investigate how it forms the foundation of a prolific effective field theory of the strong interaction.
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A. Chiral Perturbation Theory

In an effort to better understand complicated physical phenomena in particle physics, effective field theories (EFTs) have
been an important tool for approximating sophisticated, unknown, or incomplete theories. Effective theories are built based on
a specific range of distance or energy scales that are to be explored; just as quantum mechanics is not necessary to calculate
the period of a simple pendulum, EFTs need not be comprehensive explanations of phenomena. They have been of particular
use in exploring QCD and the strong interaction. The non-abelian nature of QCD makes it a challenge to calculate processes,
particularly at higher orders of expansion and at energies outside of the perturbative regime. There are many effective theories
commonly in use which describe different aspects of the strong interaction, such as

• Heavy Quark Effective Theory (HQET)

• Non-relativistic QCD (NRQCD)

• Soft collinear Effective theory (SCET)

• Chiral Perturbation Theory (χPT)

Of these EFTs, HQET and NRQCD address hadronic systems containing heavy-flavoured quarks (c or b quarks), and SCET
describes interactions between hard and soft processes. We restrict our study to χPT, which pertains to light systems and low-
energy hadronic phenomena.

In an effective theory, because we generally are only interested in physics at a particular energy scale, heavier particles are
removed from consideration. The decoupling theorem says,

...if the remaining low-energy theory is renomalizable, then all effects of the heavy-particle appear either as a
renormalization of the coupling constants in the theory, or else are suppressed by powers of the heavy-particle
mass.

as stated by Donoghue [64]. Given that propogators appear as powers of 1/M, if we consider a particular energy region where
the particles of interest have a mass much less than those at higher energies, we can consider these heavy particle masses as
infinitely large. This is referred to as “integrating out” the fields, coming from the path integral treatment of forming an effective
action by integrating over all heavy particles, resulting in an overall constant in our path integral.

From the principles of effective field theory and the symmetries of QCD, χPT emerges as a framework for systematically
exploring low-energy QCD. In traditional χPT, the particles which are significant degrees of freedom at the relevant energy
scales are the pions, the kaons, and the η; particles belonging to the pseudoscalar multiplets can be separated from the rest
of the hadrons thanks to the mass gap caused by spontaneous symmetry breaking. We can build our effective theory from the
framework of our LσM; we consider pions (pseudo-Nambu-Goldstone bosons) to be much lighter than the σ degrees of freedom
in the LσM. To build an effective theory, we must write down all terms which obey the symmetries that we wish to consider,
in our case the SUL(N f ) × SUR(N f ) chiral symmetry expected from QCD in the limit of massless quarks. If we consider all
the pseudoscalars in matrix form as in (57) and (58), the lowest-order contribution to our chiral Lagrangian that can be realized
corresponds to our NLσM Lagrangian (56) (in other words, to lowest order the Lagrangian of χPT takes the same form of a LσM
with the scalar “integrated out”). In fact, if we simply build the most general Lagrangian invariant under SUL(N f ) × SUR(N f )
for N f × N f unitary matrix U (in the absence of external fields),

LχPT =
f 2
π

4
tr

[
(∂µU)(∂µU)†

]
+ L1 tr

[
(∂µU)(∂µU)†

]2
(59)

+ L2 tr
[
(∂µU)(∂νU)†

]
tr

[
(∂νU)(∂µU)†

]
(60)

+ L3 tr
[
(∂µU)(∂µU)†(∂νU)(∂νU)†

]
+ . . . (61)

Here, the coefficients Li are low-energy constants (LECs) that represent the underlying dynamics that the effective field theory
describes; they can be considered as couplings or interaction vertices. In a sense, these LECs represent contributions from higher
energies that have been integrated out of the Lagrangian. Usually the values of these LECs are not known, and must be found by
fitting to experimental results [80, 81]; while progress has been made in calculating LECs on the lattice, the results are still not
competitive when compared to traditional methods. [81]. To generalize (59) to include external fields, we can promote ∂µ → Dµ

where

DµU = ∂µU + ilµ − irµ, (62)

and the resulting field-strength tensors are defined analogously to gauge fields,

Lµν = ∂µlν − ∂νlµ + i
[
lµ, lν

]
(63)

Rµν = ∂µrν − ∂νrµ + i
[
rµ, rν

]
. (64)
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These must have the correct chiral symmetry transformations,

lµ → L(x)lµL†(x) + i∂µL(x)L†(x) (65)

rµ → R(x)rµR†(x) + i∂µR(x)R†(x) (66)

Lµν → L(x)LµνL†(x) (67)

Rµν → R(x)RµνR†(x), (68)

where L, R are in SU(N f ). In this formalism, we can include external fields in our calculations.
We know that chiral symmetry is explicitly broken by the quark masses; however, effective field theories are built around

symmetric Lagrangians. To explore the effect that quark masses have on the masses of the pseudoscalars while preserving the
necessary SUL(N f ) × SUR(N f ) symmetry for the effective theory, we can define a mass matrix

M =

mu 0 0
0 md 0
0 0 ms

 , (69)

and assign the transformation M → gLMg†R, making it invariant under SU(3). From this, we can add the SUL(N f ) × SUR(N f )
invariant term

LM =
V3

2
tr

[
MU + M†U†

]
, (70)

where U is defined in (57) and (58). Expanding U out to O
(
Φ2

)
and working out (70), we find mass terms generated in the

Lagrangian for each set of mesons described in (58), and can assign

m2
π =

V3

f 2
π

(mu + md) (71)

m2
K± =

V3

f 2
π

(ms + mu) (72)

m2
K0 =

V3

f 2
π

(ms + md) (73)

m2
η =

V3

3 f 2
π

(4ms + mu + md). (74)

A quick calculation shows that these first-order calculations are good estimates of the pseudoscalar masses; from the above
relationships we can write

m2
η =

1
3

(
2
(
m2

K0 + m2
K±

)
− m2

π

)
(75)

Using PDG values [1] of mK± = 497.6 MeV, mK0 = 493.7 MeV, and mπ = 135 MeV, we find a predicted η mass of mη =

567 MeV, with its measured mass being slightly less at mPDG
η = 547.9 MeV. Further, we notice that (71) is simply the GMOR

relation (24), and we can see that V3 simply relates to the chiral condensate 〈q̄q〉. Thus, we can write the lowest order chiral
Lagrangian for χPT as

LχPT =
f 2
π

4
tr

[
(∂µU)(∂µU)†

]
−
〈q̄q〉

4
tr

[
MU + M†U†

]
. (76)

The LECs for χPT in the context of the light mesons is known well up to NLO (O
(
p4

)
), with promising precision at NNLO

(O
(
p6

)
) [81] for N f = 2 and N f = 3. They are determined from processes such as ππ/πK scattering data and K → πππ decays,

as well as from parameters including hadron and quark masses, and coupling constants.
Modifications to the framework have been used to explore the vector mesons [82], tensor mesons [83], and even baryons

[84]; in these cases, typically another methodology such as large Nc expansion is used to estimate the values of the LECs at the
new energy scale. However, moving beyond tree-level calculations introduces divergences that historically stalled development
in χPT until an appropriate renormalization procedure was proposed [80]. While χPT is a non-renormalizable theory in the
traditional sense (at sufficient orders of perturbative expansion, the LECs have negative mass dimension), it was proposed
that renormalization be done order-by-order by adding the relevant counterterms needed to cancel divergences. While this
theoretically means that there exists an infinite number of counterterms in χPT, in practice one simply expands to the order of
interest based on the relevant energy scale [64, 80, 85].
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V. INVESTIGATING THE STRUCTURE OF THE SCALAR NONET

A. Linear Sigma Model Applications

While the LσM had fallen out of favour with the uncertainty of the experimental status of the σ meson [65], literature
following the confirmation of the σ resonance [25] seems to indicate a return to the model given its direct tie to the scalar
mesons. Since then, there have been many generalizations of the LσM in hopes that it might shed light on the nature of the
scalar mesons discussed in Section II, glueballs, as well as the restoration of chiral symmetry [62, 63, 67, 86]. In general,
investigations into the nature of the scalar nonet begin with the Lagrangian (46) plus extensions (for example, gauge bosons
[68], other nonets [7], or glueballs [67]), and define a matrix form for Σ corresponding to the orthogonal scalar states analogous
to (41). For example, in investigating the scalar states in the context of radial excitations in an extended LσM, Ref. [7] defines
the scalar (S i) and pseudoscalar (Pi) nonet as

Σ = (S i + iPi)Ti =
1
√

2


1
√

2
((σN + a0

0) + i(ηN + π0)) a+
0 + iπ+ K∗+0 + iK+

a−0 + iπ− 1
√

2
((σN − a0

0) + i(ηN − π
0)) K∗00 + iK0

K∗−0 + iK− K̄∗00 + iK̄0 σS + iηS ,

 (77)

as well as similar matrices for the vector nonets. Conclusions from studies using LσM methods appear to be unclear. Though
utilizing the same initial Lagrangian, four separate groups come to four drastically different results for the mass of the σ and κ
[4, 87–90], which could be a result of insufficient experimental parameters to constrain the models [91].

We can compare the prediction power of the LσM against χPT by comparing LECs from both theories; by integrating out the
σ from the LσM, we form LECs which we can compare to those in χPT obtained from fitting to experiment. What we find is
that while the LσM and χPT may have similar predictions at leading order, the LECs derived from the LσM deviate from the
LECs from χPT at NLO. Many indicate that this implies the LσM does not carry the correct description of physics for a low
energy effective theory of QCD [10, 64]. However, others have suggested that investigating the compatibility between the LσM
and χPT could allow deeper insight into the dynamics of the scalar mesons, given the scalars are addressed explicitly by the
LσM, while the dynamics of the scalars are hidden in the LECs of χPT [89, 91]. It is also worth acknowledging that χPT and
the LσM are anchored at distinct energies; χPT to the pseudoscalars, and the LσM to the scalars. This could account for the
deviation in the LECs [89], and in fact it is found that the LσM is consistent with χPT if restricted to LECs generated by scalar
resonances [91].

While often looked over as simply a “toy model”, a significant amount of research has gone into turning the LσM into a viable
phenomenological model [4, 67, 87–90, 92]. It shows promise as a way of explicitly incorporating a scalar nonet into low-energy
QCD, and captures the appropriate symmetries needed to describe the strong interaction. However, more precise experimental
data on the scalars and a better understanding of the relationship between the LσM and χPT is necessary to distinguish the LσM
as a predictive model in its own right.

B. Non-linear Sigma Model and Chiral Perturbation Theory

Fully established as a predictive theory in the mid 1980s [80], χPT has become popularized as the “correct” description of
low-energy QCD, though that this is the only correct description remains disputed by some researchers [89]. Because of its
success in predicting low-energy phenomena (and perhaps in part because of its silence on the controversial σ meson and its
popularization during an era where the σ was experimentally tenuous), χPT has become a standard methodology in investigating
low-energy phenomena. It has seen many predictions successfully confirmed by experiment, such as pion polarizabilities [93],
ππ scattering, and π production [94].

Given some properties of what are predicted to be the scalar quarkonia mesons are difficult to describe in a pure qq̄ paradigm,
it has been suggested that mixing between a glueball, a four-quark and a quarkonia scalar nonet could be responsible for the
deviation from the qq̄ picture[29]. This model is consistent with a four-quark f0(500) state as well as a scalar glueball mass of
≈ 1.47 − 1.64 GeV, with significant glueball content predicted for the f0(1500) and f0(1710) states. Other treatments within a
χPT framework have obtained similar predictions for the large gluonic component of f0(1500) and f0(1710) states with minimal
mixing between scalar nonets [95]. Calculations of the scalar nonet have been done in χPT to O(p2) considering the scalars as
diquark-molecular structures [96].

Due to its reliability at lower energy scales, χPT has become a valuable tool for practitioners of lattice QCD. By quantizing
spacetime, the method aims to solve the path integral equations without introducing models and minimizing approximations.
Doing so takes compromise; discretizing spacetime destroys underlying continuous symmetries including Lorentz and chiral
symmetry, which is nontrivial to restore [97]. Reestablishing chiral symmetry in lattice gauge theories has long been possible
[98], however it remains that simulations done at small lattice spacings small enough take enormous computing resources re-
served for collaborations with adequate resources [99]. Lattice practitioners have often used χPT as a ways to extrapolate down
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to lower energy scales. As lattice simulations have become more and more sophisticated, they have also been able to calculate
LECs within χPT [100]. Regarding the scalar nonet, lattice studies have begun probing the structural nature of the scalar nonets
and the identity of the scalar glueball [19, 101–104]. Several studies have come out in favor of a tetraquark/mesonium interpreta-
tion for low-lying scalar states (e.g. the f0(500), f0(980), a0(980), or K∗(700))[19, 103], though recent lattice simulations claim
little to no tetraquark content in the a0(980) or K∗(700) states [22], both commonly claimed as belonging to a scalar four-quark
nonet [10, 58, 59]. As these states exist in the realm of low-energy QCD where the effects of chiral symmetry breaking are
unquestionably important, it is likely that clear predictions as to the nature of the scalar mesons from lattice QCD will require
robust simulations at small quark masses, with dynamic quarks, and contributions from disconnected diagrams [19, 104, 105].

Investigation of the scalar mesons in both the LσM and χPT prove challenging due to the uncertainty and controversy in the
classification of the scalar nonet. More precise experimental data is needed to refine descriptions of QCD in χPT.

VI. CONCLUSION

Important questions about the nature of matter and the strong interaction are still unanswered at the low end of high-energy
physics. While there are many theoretical tools available to probe these regions, more experimental results are needed to better
confine models, and provide a cleaner picture of the dynamics at play at these energies. While computational tools such as
lattice QCD are making some progress, models and effective theories still remain important methodologies for exploring low-
energy regimes. The linear σ models and non-linear σ models form influential categories of models that have left their mark on
many different areas of physics, yet still remain important and influential in their original applications of the strong interaction.
There have been strong efforts to investigate the properties of the scalar meson multiplet utilizing both methodologies. The
experimental nature of the lowest-lying scalar states remain unclear, with states like the f0(500)/σ meson being especially
controversial over the past six decades. Strong evidence has emerged for a nonet composed of the f0(500), f0(980), a0(980), and
the K∗0(700), both from experiment and theory. However the literature is far from consensus regarding the nature of these states,
with some identifying them as four-quark states (tightly or loosely bound), conventional qq̄ states, or glueball states. It is clear
that more precise experimental data is necessary to confirm the existence of some of the more experimentally precarious scalar
resonances, to clarify the identity of the scalar glueball, and to further constrain the models used to investigate the structure of
the scalar multiplet.
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[11] A. Abele, S. Bischoff, P. Blüm, N. Djaoshvili, D. Engelhardt, A. Herbstrith, C. Holtzhaußen, M. Tischhäuser, J. Adomeit, B. Kämmle,
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[19] N. Mathur, A. Alexandru, Y. Chen, S. J. Dong, T. Draper, I. Horváth, F. X. Lee, K. F. Liu, S. Tamhankar, and J. B. Zhang, Phys. Rev. D

76, 114505 (2007), URL https://link.aps.org/doi/10.1103/PhysRevD.76.114505.
[20] C. McNeile and C. Michael (UKQCD), Phys. Rev. D74, 014508 (2006), hep-lat/0604009.
[21] The ETM collaboration, C. Alexandrou, J. O. Daldrop, M. D. Brida, M. Gravina, L. Scorzato, C. Urbach, and M. Wagner, JHEP 2013,

137 (2013), ISSN 1029-8479, URL https://doi.org/10.1007/JHEP04(2013)137.
[22] M. Wagner, C. Alexandrou, J. O. Daldrop, M. Dalla Brida, M. Gravina, L. Scorzato, C. Urbach, and C. Wiese (ETM), Acta Phys. Polon.

Supp. 6, 847 (2013), 1302.3389.
[23] D.-S. Du, J.-W. Li, and M.-Z. Yang, Phys. Lett. B619, 105 (2005), hep-ph/0409302.
[24] S. Prelovsek, T. Draper, C. B. Lang, M. Limmer, K.-F. Liu, N. Mathur, and D. Mohler, Phys. Rev. D82, 094507 (2010), 1005.0948.
[25] N. A. Törnqvist and M. Roos, Phys. Rev. Lett. 76, 1575 (1996), URL https://link.aps.org/doi/10.1103/PhysRevLett.76.

1575.
[26] F. Shi, T. G. Steele, V. Elias, K. B. Sprague, Y. Xue, and A. H. Fariborz, Nucl. Phys. A671, 416 (2000), hep-ph/9909475.
[27] D. Black, A. H. Fariborz, and J. Schechter, AIP Conf. Proc. 508, 290 (2000), hep-ph/9911387.
[28] V. E. Markushin, Acta Phys. Polon. B31, 2665 (2000), hep-ph/0008096.
[29] A. H. Fariborz, Int. J. Mod. Phys. A19, 2095 (2004), hep-ph/0302133.
[30] R. Lemmer, Phys. Lett. B 650, 152 (2007), ISSN 0370-2693, URL http://www.sciencedirect.com/science/article/pii/

S0370269307005758.
[31] H.-J. Lee, N. I. Kochelev, and Y. Oh, Phys. Rev. D 87, 117901 (2013), URL https://link.aps.org/doi/10.1103/PhysRevD.87.

117901.
[32] R. Aaij, B. Adeva, M. Adinolfi, A. Affolder, Z. Ajaltouni, J. Albrecht, F. Alessio, M. Alexander, S. Ali, G. Alkhazov, et al. (LHCb

Collaboration), Phys. Rev. D 90, 012003 (2014), URL https://link.aps.org/doi/10.1103/PhysRevD.90.012003.
[33] J. T. Daub, C. Hanhart, and B. Kubis, JHEP 02, 009 (2016), 1508.06841.
[34] S. Janowski, D. Parganlija, F. Giacosa, and D. H. Rischke, Phys. Rev. D 84, 054007 (2011), URL https://link.aps.org/doi/10.

1103/PhysRevD.84.054007.
[35] L.-C. Gui, Y. Chen, G. Li, C. Liu, Y.-B. Liu, J.-P. Ma, Y.-B. Yang, and J.-B. Zhang (CLQCD), Phys. Rev. Lett. 110, 021601 (2013),

1206.0125.
[36] T. Huang, H. Jin, and A. Zhang, Phys. Rev. D 59, 034026 (1999), URL https://link.aps.org/doi/10.1103/PhysRevD.59.

034026.
[37] X.-H. Yuan and L. Tang, Commun. Theor. Phys. 54, 495 (2010), 0911.0806.
[38] H. Forkel, Brazilian Journal of Physics 34, 229 (2004), ISSN 0103-9733, URL http://www.scielo.br/scielo.php?script=sci_

arttext&pid=S0103-97332004000200016&nrm=iso.

https://link.aps.org/doi/10.1103/PhysRevD.98.030001
https://link.aps.org/doi/10.1103/PhysRevD.15.267
https://doi.org/10.1088%2F0954-3899%2F28%2F10%2F201
http://www.sciencedirect.com/science/article/pii/S0370269308003651
http://www.sciencedirect.com/science/article/pii/S0370269308003651
https://aip.scitation.org/doi/abs/10.1063/1.1482446
https://aip.scitation.org/doi/abs/10.1063/1.1482446
https://link.aps.org/doi/10.1103/PhysRevD.83.054001
https://doi.org/10.1140/epjc/s10052-017-4962-y
https://doi.org/10.1140/epjc/s10052-017-4962-y
https://doi.org/10.1088%2F0954-3899%2F40%2F4%2F043001
http://www.sciencedirect.com/science/article/pii/S0370157316302952
https://link.aps.org/doi/10.1103/PhysRevD.57.3860
http://www.sciencedirect.com/science/article/pii/0370269381903506
http://www.sciencedirect.com/science/article/pii/0370269381903506
http://www.sciencedirect.com/science/article/pii/S0146641007001007
http://www.sciencedirect.com/science/article/pii/S0146641007001007
https://link.aps.org/doi/10.1103/PhysRevD.81.094029
https://link.aps.org/doi/10.1103/PhysRevD.81.094029
http://www.sciencedirect.com/science/article/pii/0370269385912614
http://www.sciencedirect.com/science/article/pii/0370269385912614
http://www.sciencedirect.com/science/article/pii/S0920563206006864
http://www.sciencedirect.com/science/article/pii/S0920563206006864
https://link.aps.org/doi/10.1103/PhysRevD.76.114505
https://doi.org/10.1007/JHEP04(2013)137
https://link.aps.org/doi/10.1103/PhysRevLett.76.1575
https://link.aps.org/doi/10.1103/PhysRevLett.76.1575
http://www.sciencedirect.com/science/article/pii/S0370269307005758
http://www.sciencedirect.com/science/article/pii/S0370269307005758
https://link.aps.org/doi/10.1103/PhysRevD.87.117901
https://link.aps.org/doi/10.1103/PhysRevD.87.117901
https://link.aps.org/doi/10.1103/PhysRevD.90.012003
https://link.aps.org/doi/10.1103/PhysRevD.84.054007
https://link.aps.org/doi/10.1103/PhysRevD.84.054007
https://link.aps.org/doi/10.1103/PhysRevD.59.034026
https://link.aps.org/doi/10.1103/PhysRevD.59.034026
http://www.scielo.br/scielo.php?script=sci_arttext&pid=S0103-97332004000200016&nrm=iso
http://www.scielo.br/scielo.php?script=sci_arttext&pid=S0103-97332004000200016&nrm=iso


17

[39] S. Janowski, F. Giacosa, and D. H. Rischke, Phys. Rev. D90, 114005 (2014), 1408.4921.
[40] M. Albaladejo and J. A. Oller, Phys. Rev. Lett. 101, 252002 (2008), URL https://link.aps.org/doi/10.1103/PhysRevLett.

101.252002.
[41] T. Gutsche, S. Kuleshov, V. E. Lyubovitskij, and I. T. Obukhovsky, Phys. Rev. D 94, 034010 (2016), URL https://link.aps.org/

doi/10.1103/PhysRevD.94.034010.
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